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1 Intro

In [Liu], an arithmetic surface is de�ned as a regular �bered surface over
a Dedekind scheme of dimension 1, in terms of dimensions, the generic and
special �bers are actually curves. Thus in this article, an arithmetic threefold
will mean an integral, projective, �at S scheme π : X → S of dimension 3,
with generic �ber Xη and closed �eld Xs surfaces where S is Spec R for a
Dedekind scheme S. This article will be concerned with the case that R is a
Discrete valuation ring, i.e. a local Dedekind domain.

In order of increasing di�culty, the speci�c subject matter is the prop-
erties Np (which concern adjoint rings associated to divisors KX + A where
A is ample); the �nite generation of adjoint rings R (KX + ∆, KX + ∆ + A)
where A is ample and (X,∆) is a log smooth KLT pair, and �nally, the �-
nite generation of the adjoint rings R (KX + ∆) where (X,∆) is a KLT log
smooth pair, as a consequence of the existence of minimal models for such
pairs.

Recall the property Np:
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De�nition 1. ([EL], MF and Property Np ) Let X be a projective variety,
F a globally generated vector bundle on X. Let MF be the kernel

0→MF → H0 (F )⊗OX → F → 0 ?

For L ample and globally generated line bundle, L satis�es property Np if

H1
(
L⊗r

)
= 0

for all r ≥ 1 and
H1
(
Mp+1

L ⊗ Ls
)

= 0

for all 0 ≤ p′ ≤ p.

Tensoring the exact sequence ? with L, we have

· · · → H0 (L)⊗H0 (L)→ H0 (2L)→ H1 (ML ⊗ L)→ H1 (L)⊗H0 (L)→ · · ·

so in order to show property N0 for L = KX + 4B, the second condition can
be replaced by showing that the multiplication map

H0 (L)2 → H0 (2L) ? ?

is surjective. Note that this surjectivity is equivalent to the adjoint ring R (L)
being generated in degree 1.

In characteristic 0, Gallego, Purnaprajna, Hanumanthu, and Banagere
[BH, GP, GP1, GP2] have proved various results along the lines of the
following:

Theorem 2. [P, 3.14] Let S be a surface of general type, let A be an ample

line bundle and let m =
[

(A.(KS+4A)+1)2

2A2

]
. Let L = KS ⊗ A⊗n. If n ≥ 2m,

then L satis�es property N0 and even N1.

The �rst aim of this article is to prove a theorem similar to the above, but
on a surface over a DVR R in positive or mixed characteristic. This article is
concerned with the basic techniques, and presumably various tricks from the
characteristic 0 case employed by the aforementioned authors could be used
to obtain sharper results. Speci�cally, one would like to prove the following:

Theorem 3. Let X/R be a smooth surface of general type, let A be an ample
line bundle, and let L = KX + nA. There is a computable constant M such
that if n > M , then L satis�es N0 and N1.
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Thus:

Corollary 4. Let X/R be a smooth surface with KX ample, then the canon-
ical ring is generated in degree M where M is a computable constant.

Another consequence of these techniques is the following (explain more)

Theorem 5. Let (X,∆) be a klt pair of relative dimension 2 over a DVR R
with perfect residue �eld k and perfect fraction �eld K. Assume that KX +
∆ is pseudo-e�ective, and assume that KX + ∆ is simple normal crossings
over R. Then the adjoint ring R (KX + ∆, KX + ∆ + A) is �nitely generated
where A is an ample divisor.

Proof. (Sketch via the proof of [CZ, 2.11]). Suppose �rst that ∆ is big. Let
L1 = a (KX + ∆) and L2 = a (KX + ∆ + A) for some a� 0 such that both
Li are Cartier. Set G = m1L1 +m2L2 for m1,m2 ≥ 0 and for some i suppose
mi is large enough so that the main Invariance of log Plurigenera Theorem of
[Eg] applies. It su�ces to show that whenever we have the above situation,
then

H0 (G− Li)⊗H0 (Li)→ H0 (G)

is surjective. By the Nakayama's lemma surjectivity of the above map can
be checked on the special �ber (possibly after base change so the residue �eld
is algebraically closed).

To check surjectivity on the special �ber, we check �nite generation of
R (KXk

+ ∆k, KXk
+ ∆k + Ak) (and then possibly increase m,n). [Tan] ap-

plies to give termination of the minimal model program (hence the minimal
model program with scaling of an ample divisor A terminates), thus c.f.
[HX2013, lemma 2.7] there exists a rational number t0 > 0 and a birational
contraction φ : Xk → X ′k which is a KXk

+ ∆k + tAk good minimal model
for all 0 ≤ t ≤ t0, and so, as nef implies semiample by [Tan], then c.f.[H2009,
5.5] gives that semi-ample divisors in arbitrary characteristic (over a �eld)
have �nitely generated Cox ring, the ring R (Xk, KXk

+ ∆k, KXk
+ ∆k + Ak)

is �nitely generated.
Now, the below corollary, applied in the above big case, implies the

theorem for the remaining Kodaira dimensions (details in the relevant sec-
tion).

As a corollary to the above, c.f. [CL],
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Corollary 6. Let (X,∆) be a klt pair of relative dimension 2 over a DVR R
with perfect residue �eld k and perfect fraction �eld K. Assume that KX +∆
satis�es the hypothesis given in Theorem 5 above. Then the minimal model
of (X,∆) exists over R. Also, nefness of KX + ∆ implies semi-ampleness on
both �bers.

Proof. 4 (sketch) (Essentially [CL, 6.8])+�niteness of WLCM for a surface.
Set ∆′ = ∆ + tA. Suppose A is a su�ciently general ample Q-divisor such
that (X,∆ + A) is klt and KX + ∆ + A is nef. Let {λi} be a sequence
of positive real numbers corresponding to a minimal model program with
scaling of A = A1. Note that

Ri = R (Xi;KXi
+ ∆′i, KXi

+ ∆′i + λiAi)

≈ R (X1;KX1 + ∆′1, KX1 + ∆′1 + λiA1)

are all �nitely generated by Theorem 5. Slightly modi�ed version of the logic
of [CL] (explained in a section below) applies to show that the minimal model
exists over X for every t ∈ (0, 1]. By �niteness of log minimal models on the
special �ber, any sequence of minimal model program with scaling eventually
terminates. The detailed version of the proof is given in section 4.

2 Background

The following results are necessary.

Theorem 7. Let X be a smooth projective surface over an algebraically closed
�eld of characteristic p > 0 and let D be a big and nef Cartier divisor on X.
Assume that either

(1) κ (X) 6= 2 and X is not quasi-elliptic with κ (X) = 1; or
(2) X is of general type with
p ≥ 3 and (D2) > vol (X) or
p = 2 and (D2) > max {vol (X) , vol (X)− 3χ (OX) + 2} .
Then

H i (X,OX (KX +D)) = 0

for all i > 0.
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Theorem 8. [DF, 4.11] (E�ective Base-point Freeness) Let X be a surface
of general type and let D be a big and nef divisor on X. Then the following
holds.

If p ≥ 3 and D2 > vol (X) + 4 and |KX +D| has a base point at x ∈ X,
then there exists a curve C such that D.C ≤ 1.

If p = 2 and if D2 > vol (X)+6 and |KX +D| has a base point at x ∈ X,
then there exists a curve C such that D.C ≤ 7.

Theorem 9. [DF, 1.2] Let D and B be respectively an ample divisor and a
nef divisor on a smooth surface X over an algebraically closed �eld k, with
char k = p > 0. Then mD −B is very ample for any

m >
2D. (H +B)

D2
((KX + 2D) .D + 1)

where
H = KX + 4D if X is neither quasi-elliptic with κ (X) = 1 nor of general

type
H = KX + 8D if X is quasi-elliptic with κ (X) = 1 and and p = 3;
H = KX + 19D if X is quasi-elliptic with κ (X) = 1 and p = 2;
H = 2KX + 4D if X is of general type and p ≥ 3;
H = 2KX + 19D if X is of general type and p = 2.

Theorem 10. (Nakayama's Lemma) Let M0 = M/mM , where M is a
module over a dvr R. If ϕ : M → N is a homomorphism of R-modules such
that ϕ0 : M0 → N0 is surjective, then ϕ is surjective.

The following theorem of Mumford is important to show surjectivity of
multiplication maps.

Theorem 11. ([M], Theorem 2) Suppose L is an ample invertible sheaf on
a variety X such that Γ (L) has no base points. Suppose F is a coherent
sheaf on X such that

H i
(
F ⊗ L−i

)
= 0,

i ≥ 1. Then

H i
(
F ⊗ Lj

)
= 0, i+ j ≥ 0, i ≥ 1
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and
S
(
F ⊗ Li, L

)
= 0, i ≥ 0

where S (A,B) stands for the cokernel of the map given by multiplying global
sections.

the induction lemma

Lemma 12. ([GP], 1.4.1 ) Let E and L1, ..., Lr be coherent sheaves on a
variety X. Consider the map

H0 (E)⊗H0 (L1 ⊗ · · · ⊗ Lr)
ψ→ H0 (E ⊗ L1 ⊗ · · · ⊗ Lr)

and the maps
H0 (E)⊗H0 (L1)

α1→ H0 (E ⊗ L1) ,

H0 (E ⊗ L1)⊗H0 (L2)
α2→ H0 (E ⊗ L1 ⊗ L2)

· · ·

H0 (E ⊗ L1 ⊗ · · · ⊗ Lr−1)⊗H0 (Lr)
αr→ H0 (E ⊗ L1 ⊗ · · · ⊗ Lr) .

If α1, ..., αr are surjective, then ψ is also surjective.

Theorem 13. [CP2014, 1.1] Let X be a reduced and separated Noetherian
scheme which is quasi-excellent and of dimension at most three. There exists
a proper birational morphism π : X ′ → X with the following properties:

(i) X ′ is everywhere regular
(ii) π induces an isomorphism π−1 (Reg X) ≈ Reg X
(iii) π−1 (Sing X) is a strict normal crossings divisor on X ′.

De�nition 14. (Asymptotic Order of Vanishing ) Let X be a normal pro-
jective variety, D an e�ective R divisor and Γ a geometric valuation of X.
De�ne σΓ (D) = inf {multΓD′|D ∼R D

′ ≥ 0} ∈ R.
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3 Proof Theorem 3

First I explore the properties N0 and N1. R is a discrete valuation ring with
residue �eld k and fraction �eld K.

Lemma 15. Let X/R be a smooth surface of general type, A an ample Z-
divisor, and R has perfect residue �eld k and perfect fraction �eld K. Suppose
that L = KX + A such that KX + A is nef and big. Then

H1
(
Lk
)

= 0

for all k.

Proof. Note that (KX + A)2 > K2
X = vol (X), so Terakawa's vanishing the-

orem applies to
KX + (A+ (k − 1) (KX + A))︸ ︷︷ ︸

D

on Xk, and by semicontinuity/ Nakayama's Lemma, the result holds on the
generic �ber as well, since a basis for cohomology module on the special �ber
lifts to a set of generators on the local ring.

Lemma 16. Let X/R be a smooth surface of general type, A an ample Z-
divisor, and R has perfect residue �eld k and perfect fraction �eld K. Suppose
that L = KX + A so that KX + A is nef and big. Then surjectivity of the
map

H0 (L|Xk
)⊗H0

(
L⊗m|Xk

)
→ H0

(
L|⊗2

Xk

)
for all m implies property N0 for L on X/R.

Proof. As Xk ∼ 0 on X/R, then there is an exact sequence in cohomology

0→ OX (m (KX + A))→ OX (m (KX +Xk + A))

→ OXk
(m (KXk

+ Ak))→ 0.

Taking cohomology and appliying lemma 15 gives a surjection:

H0 (m (KX + A) /R)→ H0 (m (KXk
+ Ak))
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for any m. Now applying Nakayama's lemma to the diagram

H0 (m (KX + A) /R)⊗H0 (KX + A/R) //

��

H0 ((m+ 1) (KX + A) /R)

��
H0 (m (KXk

+ Ak))⊗H0 (KXk
+ Ak) // H0 ((m+ 1) (KXk

+ Ak))

gives that surjectivity of the bottom map implies surjectivity of the top map.
From the exact sequence:

→ H0
(
L⊗m

)
⊗H0 (L)→ H0

(
L⊗m+1

)
→ H1

(
M1

L ⊗ Lm
)
→ H1

(
L⊗m

)
⊗H0 (L)→

then applying lemma 15 it su�ces to show surjectivity of the top map in the
above diagram for each m ≥ 1.

Lemma 17. Let X/R be a smooth surface of general type, A an ample Z-
divisor, and R has perfect residue �eld k and perfect fraction �eld K. Suppose
that r > 3 and de�ne Lr = KXk

+ rAk so that KXk
+ Ak and Ak = lA′k are

base-point free and Ak−KX is nef and big with (Ak −KXk
)2 > K2

Xk
(such an

r and l are computable based on the various intersection numbers of KXk
and

Ak over an algebraically closed �eld of characteristic p > 0 using theorems 8,
9). Then

H0 (Lr|Xk
)⊗H0

(
L⊗mr |Xk

)
→ H0

(
L⊗m+1
r |Xk

)
is surjective for all m.

Proof. Suppose �rst that m = 1, the other cases will follow similarly. By
Lemma 12, it su�ces to show that

H0 (KXk
+ rAk)⊗H0 (KXk

+ Ak)→ H0 (2KXk
+ (r + 1)Ak) ,

H0 (2KXk
+ (r + 1)Ak)⊗H0 (Ak)→ H0 (2KXk

+ (r + 2)Ak) ,

· · · ,

H0 (2KXk
+ (2r − 1)Ak)⊗H0 (Ak)→ H0 (2KXk

+ 2rAk)

8



are surjective. By Lemma 11, the �rst surjectivity follows from the vanishing
of

H1 ((r − 1)Ak) = H1 (KXk
+ (r − 1)Ak −KXk

)

and
H2 ((r − 2)Ak −KXk

) = H0 (2KXk
− (r − 2)Ak) .

The �rst vanishing holds by Terakawa's Theorem 7 since by assumption Ak−
KXk

is nef and big with (Ak −KXk
)2 > K2

Xk
. The second vanishing theorem

holds since 2 (Ak −KXk
) ≥ 0 and r > 3. The other surjectivities follow

similarly.
If m = 2, then similar logic applies to the maps

H0 (2 (KXk
+ rAk))⊗H0 (KXk

+ Ak)→ H0 (3KXk
+ (2r + 1)Ak) ,

H0 (3KXk
+ (2r + 1)Ak)⊗H0 (Ak)→ H0 (3KXk

+ (2r + 2)Ak) ,

· · · ,

H0 (3KXk
+ (3r − 1)Ak)⊗H0 (Ak)→ H0 (3KXk

+ 3rAk)

and the necessary vanishings are slightly easier.

The above proposition completes the N0 portion of Theorem 3.

Claim 18. N1 also holds for Lr (possibly slightly enlarging l and r as de�ned
in the previous lemma).

Proof. We must show, in addition to what was proved in the �rst claim, that
H1
(
M⊗2

L ⊗ L⊗b
)

= 0 for all b ≥ 1. I'll start with the b = 1 case for simplicity.
There is an exact sequence:

H0
(
M⊗2

L ⊗ L
)
→ H0 (ML ⊗ L)⊗H0 (L)

→ H0 (ML ⊗ 2L)→ H1
(
M2

L ⊗ L
)
→ H1 (ML ⊗ L)⊗H0 (L)→ ..

it su�ces to show surjectivity of the second map. Using Lemma 12 and
Lemma 11 as in the argument for N0, it su�ces to show (1) that

H1 (ML ⊗ L⊗OX (−KX − A)) = 0,

H1 (ML ⊗ L⊗OX (KX + A− A)) = 0,

· · · ,
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H1 (ML ⊗ L⊗OX (KX + (r − 1)A− A)) = 0,

and these follow as in the N0 case after possibly enlarging r, l; and (2) also
that

H2 (ML ⊗ L⊗OX (−KX − 2A)) = 0,

H2 (ML ⊗ L⊗OX (KX + A− 2A)) = 0,

· · · ,

H2 (ML ⊗ L⊗OX (KX + (r − 1)A− 2A)) = 0.

Continuing the above exact sequence to second cohomology gives:

→ H1 (ML ⊗ L)⊗H0 (L)→ H1
(
ML ⊗ L⊗2

)
→ H2

(
M⊗2

L ⊗ L
)
→ H2 (ML ⊗ L)⊗H0 (L)→

so it su�ces to show both H1 (ML ⊗ L⊗2) = 0 and H2 (ML ⊗ L) = 0. Vanish-
ing of H1 (ML ⊗ L⊗2) follows from property N0 and for the second vanishing,
consider

→ H1 (L)⊗H0 (L)→ H1
(
L⊗2

)
→ H2 (ML ⊗ L)→ H2 (L)⊗H0 (L)→ .

Since H1 (L⊗2) = 0 by Lemma 15, and then it su�ces to show vanishing
of H2 (KXk

+ rAk) ≈ H0 (KXk
− (KXk

− rAk)). This is clear. For b > 1,
the above arguments are similar (easier since L⊗2 is more positive than just
L).

4 Proof of Corollary 6

The ideas in this section, except for some small modi�cations, are from the
paper �New Outlook on Minimal Model Program II� by Corti and Lazic. The
point of repeating them here is that the Conjecture 1.2 mentioned in that
paper seems? to hold in the case of an arithmetic threefold germ (c.f. Theo-
rem 4), but there are some slight, but important, modi�cations necessary in
order for the rest of these ideas to (hopefully) hold in this scenario.

The next three results are restated for a perfect �eld k and dimension 2.

Theorem 19. ([CL, 3.5] Let X be a normal projective variety of dimension 2
(over a perfect �eld k), and let D1, ..., Dr be Q-Cartier divisors on X. Assume
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that R (X;D1, ..., Dr) is �nitely generated, and let D : Rr 3 (λ1, ..., λr) 7→∑
λiDi ∈ DivR (X) be the tautological map.
(1) The support of R is a rational polyhedral cone.
(2) If Supp R contains a big divisor and D ∈

∑
R+Di is pseudoe�ective,

then D ∈ Supp R.
(3) There is a �nite rational polyhedral subdivision Supp R =

⋃
Ci such

that σΓ is a linear function on Ci for every geometric valuation Γ of X.
Furthermore, there is a coarsest subdivision with this property, in the sense
that, if i and j are distinct, there is at least one geometric valuation Γ of X
such that (the linear extensions of) σΓ|Ci

and σΓ|Cj
are di�erent.

(4) There is a �nite index subgroup L ⊂ Zr such that for all n ∈ Nr ∩ L,
if D (n) ∈ Supp R, then σΓ (D (n)) = multΓ |D (n)|.

Proof. 3.5(1, 2) hold the same as in the source paper, noting that [ELM,
4.7] is stated for an arbitrary Noetherian scheme, and changing C-algebra to
k-algebra in the necessary parts of 4.1 in that paper.

Theorem 20. ([CL, 3.6]) Let (X,∆) be a projective klt pair of dimension 2
(over a perfect �eld k) where ∆ is big. If KX + ∆ is pseudoe�ective, then it
is Q-e�ective.

Proof. As in the source paper, but using Theorem 5 for the �nite generation.

Theorem 21. Let X be a normal projective variety of dimension 2 (over a
perfect �eld k) and let D1, ..., Dr be Q-Cartier Q-divisors on X. Assume that
the ring R = R (X;D1, ..., Dr) is �nitely generated, and let Supp R =

⋃
Ci be

a �nite rational polyhedral subdivision such that for every geometric valuation
Γ of X, σΓ is linear on Ci, as in Theorem 19. Denote ϕ :

∑
R+Di → N1 (X)R

the projection, and assume there exists k such that Ck ∩ ϕ−1 (Amp D) 6= ∅.
Then Ck ⊂ Supp R ∩ ϕ−1 (Nef X).

Proof. As in the source, but applying Theorem 19 and using abundance for
this situation c.f. [Tan].

Theorem 22. Let (X,∆) be a projective Q-factorial klt pair of relative di-
mension 2, satisfying the hypothsis of Theorem 5. Let A be su�ciently general
ample Q-divisor on X such that (X,∆ + A) is klt and KX + ∆ + A is nef.
The minimal model program with scaling of A terminates.
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The proof will be given in two steps. The �rst reduction is to the case with
big boundary. Success is declared when there is a morphism f : (X,∆) →
(Xn,∆n) to a pair over a DVR such that on both geometric �bers KXn + ∆n

is nef. (Actually, applying [Liu, 5.3.24] and [Laz, 1.4.10], it su�ces to show
that the special �ber of the resulting model is nef).

Proof. (Essentially just a slightly modi�ed version of [CL, 6.5,6.8]) The �rst
goal is to reduce to the case where ∆ is big. Thus suppose, for now, that
KX+∆ is pseudo-e�ective, otherwise a KX+∆-contraction is a KX+∆+εA-
contraction for A ample and 0 < ε � 1, so we may assume ∆′ = ∆ + εA
which is a big boundary.

Consider a minimal model program with scaling of A1 = A run (slightly
di�erent from usual) as follows. Let

λ = inf {t ≥ 0 | KX + ∆ + tA1 is nef on Xk} .

If λ = 0, then we are done. Otherwise, since nefness onXk implies onX ([Liu,
5.3.24] and [Laz, 1.4.10]), there exists a (KX + ∆)-negative extremal ray C
on one or both �bers such that (KX + ∆ + λA) .C ≥ 0 on both �bers and is
0 on at least one of them. Take the contraction on (X,∆) /R given by the
main Theorem of [Eg] (c.f. [CL, 6.3,8.1]) and replace (X,∆) /R = (X1,∆1)
by the corresponding �ip or contraction φ : (X1,∆1) → (X2,∆2) /R. Let
A2 = φ∗A1 and ∆2 = φ∗∆1. Then KX2 + ∆2 + λA2 is nef on both �bers, so
noting that:

Ri = R (Xi, KXi
+ ∆i, KXi

+ ∆i + λiAi)

≈ R (X1, KX1 + ∆1, KX1 + ∆1 + λiA1)

which are �nitely generated by Theorem 5, we repeat the process, since we
can argue the contraction exists via X1, which is log-smooth (Note that
(X2,∆2) is klt on the special �ber by adjunction of KX + ∆ +Xk). Theorem
19 implies that

Supp Ri0,k or K

= R+

(
KXi0

+ ∆i0

)
+ R+

(
KXi0

+ ∆i0 + λi0Ai0
)

=
⋃
Ci0j

a rational polyhedral subdivision on both �bers. (The �rst equality since
KX + ∆ + λA is big so any pseudo-e�ective divisor in the cone of{

KXi0
+ ∆i0 , KXi0

+ ∆i0 + λi0Ai0
}
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is in Supp R). Let Ci
j,k,C

i
j,K denote the proper transform of Ci0

j,k and Ci0
j,K

respectively if i ≥ i0. By Lemma 19, for each geometric valuation σΓ,k, σΓ,K

is linear on Ci0
j,k and C

i0
j,K respectively.

Note it is impossible that Di = KXi
+∆i+λiAi ∈ int Cij on both �bers at

once: By non-vanishing, Di is semiample over k,K, and σΓ,k, σΓ,K are linear
and non-negative on Ci

j,k,C
i
j,K by Lemma 19, thus identically zero, thus by

�nite generation on each �ber (c.f. [Tan]) any divisor in Ci
j,k, C

i
j,K are nef,

so λi is not the smallest such that KXi
+ ∆i + λiAi is nef on both �bers

simultaneously, contradicting the construction. As there are only �nitely
many boundary rays in both Ci0

j,k and Ci0
j,K together, and KXi

+ ∆i + λiAi
must be at a boundary ray on one of the �bers, the set {λi} is �nite.

Now the argument follows [CL, 6.5], working on both �bers at once.
Letting λ be the minimum of the λi, if λ 6= 0, then it su�ces to consider the
(modi�ed as above to both �bers) minimal model program with scaling of
(λ− ε)A1 = A′ for KX + ∆′, where ∆′ = ∆ + εA for 0 < ε < λ, so we have
reduced to the case with big boundary. Set α1 = 1 so that

KX + ∆′ + α1A1

= KX + ∆ + εA+ (λ− ε)A = KX + ∆ + λA

is nef on both �bers, and let {αi} be a sequence of numbers corresponding to
a minimal model program de�ned as before (αi is the smallest positive real
number such that KXi

+ ∆i + αiAi is nef on both �bers). The claim is that
the set of indices i is �nite.

Choose r big divisors Hj arbitrarily close to ∆ + α for some norms on
N1 (Xk) , N1 (XK), and such that the span {KX1 +Hj} �lls up all the dimen-
sions of N1 (Xk) and N1 (XK) simultaneously and contains KX + ∆ + α1A

′

on both �bers. Let C1
k , C

1
K be the R+-cone spanned by the KX1 + Hi on

Xk, XK respectively. Let Ci
k, C

i
K denote the proper transforms, H i,k

j or H i,K
j

the proper transforms of Hj|Xk
, Hj|XK

and let

R1
k ≈ Ri

k = R
(
KXi

k
+ ∆′k, KXi

k
+H i,k

1 , ..., KXi
k

+H i,k
r

)
,

R1
K ≈ Ri

K = R
(
KXi

K
+ ∆′K , KXi

K
+H i,K

1 , ..., KXi
K

+H i,K
r

)
.

which are all �nitely generated under the identi�cation to R1
k, R

1
K as in The-

orem 5.
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By construction of the H i, for each i, Gi = KXi
+ ∆′i + αiA

′
i ∈ int Ci on

both �bers, and since Gi is nef on both �bers, actually there are some ample
divisors in int Ci. By Lemma 19, and since Supp Ri

k =
⋃
Ci
`k
, Supp Ri

K =⋃
Ci
`K

clearly contain big divisors, applying Theorem 20 (so that either Gi

is Q-Cartier so we can apply 3.5(3) or Gi is vacuously in Supp Ri
K,k) there

are some ample divisors in Ci
`k
, Ci

`K
for some `k,`K . Thus using Theorem 21,

Ci
`k
, Ci

`K
consist of the pullbacks of nef divisors from Xi. Focusing on Xk,

since there are only �nitely many cones in the subdivision Supp R1 =
⋃
C1
`k
,

eventually there will exist an index i0, such that for i > i0, the pullback
of the nef cone of Xi lands in a C1

`k
which is contained in the pullback of

Nef (Xi′) for some i′ ≤ i0. After this point, applying the negativity lemma
(c.f. [Xu, 2.1] for positive characteristic and dim ≤ 3) as in [CL, 6.5] gives a
morphism on the special �ber. By construction of the above minimal model
program with scaling, then for i > i0, and applying the same logic to X i

K ,
gives that eventually these are all also morphisms.
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