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Abstract. Log deformation invariance of plurigenera for a fam-

ily of relative dimension 2 in assuming W2 liftings of a pair, and

also several generalizations of Suh's theorem on the Invariance of

Plurigenera of general type threefolds without assuming the W2

lifting assumption. Also a remark on the minimal model program

in mixed characteristic.
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1. Theorem

The following is similar to ([Tan3], 7.3) but without an ample bound-

ary, and without assuming the varieties in question are a priori mini-

mal. The proof is similar to the theorem (1.2.1(ii) [Suh]), where empty

boundary is considered, and there is a W2 lifting hypothesis.

Proposition 1. Let (X,∆) be a terminal pair of relative dimension 2

over a DVR R with residue �eld k and fraction �eld K such that k is

perfect of characteristic p > 0. Assume thatm (KX + ∆) is integral and

KX + ∆ is big and Q-Cartier. Assume (Xk,∆k) is terminal. Assume

that B− (KXk
+ ∆k) ∧ ∆k = ∅. Then there exists an m0 such that for

m ≥ m0,

dimk H
0 (m (KXk

+ ∆k)) = dimk H
0 (m (KXK

+ ∆K)) .

Arguing as in the proof of ([HMX2010], 1.6) the above theorem has

the following corollary

Corollary 2. Let (X,∆) be a klt pair of relative dimension 2 over a

DVR R with perfect residue �eld k of characteristic p > 5 and fraction

�eld K. Assume that m (KX + ∆) is integral and KX + ∆ is big, log

smooth over R, and Q-Cartier. Assume (Xk,∆k) is klt. Then, there

exists an m0 such that for m ≥ m0,

dimk H
0 (m (KXk

+ ∆k)) = dimk H
0 (m (KXK

+ ∆K))
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A similar proof to proposition 1, gives the following:

Corollary 3. Let (X,∆) be a terminal pair of relative dimension 2 over

a DVR R with residue �eld k and fraction �eld K such that k is perfect

of characteristic p > 0. Assume that mKX + (m− 1) ∆ is integral and

KX + ∆ is big and Q -Cartier. Assume (Xk,∆k) is terminal. Assume

that B−
(
KXk

+ m−1
m

∆k

)
∧∆k = ∅ . Then there exists a computable m0

such that for m ≥ m0 ,

dimk H
0 (mKXk

+ (m− 1) ∆k) = dimk H
0 (mKXK

+ (m− 1) ∆K) .

Arguing as in the proof of [HMX2010], yields the following:

Corollary 4. Let (X,∆)be a klt pair of relative dimension 2 over a

DVR R with perfect residue �eld k of characteristic p>5 and fraction

�eld K. Assume that m (KX + ∆) is integral and KX + ∆ is big, log

smooth over R , and Q -Cartier. Assume (Xk,∆k) is klt. Then, there

exists a computable m0 such that for m ≥ m0 ,

dimk H
0 (m (KXk

+ ∆k)) = dimK H0 (m (KXK
+ ∆K)) .

In fact, a simple argument on the pseudo-e�ective threshold shows

that it su�ces to assume KXk
+ ∆k is big.

Corollary 5.
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Another corollary of the above is the ability to run a minimal model

program in mixed characteristic and relative dimension 2.

Corollary 6. Let (X,∆) be a klt pair of relative dimension 2 over a

DVR R with perfect residue �eld k of characteristic p > 5 and fraction

�eld K, and K is either of the same or mixed characteristic. Assume

that m (KX + ∆) is integral and KX + ∆ is big, log smooth over R

, and Q -Cartier. Assume (Xk,∆k) is klt. Then a contraction of a

KXk
+ ∆k-negative extremal ray induces a contraction of a KX + ∆

negative extremal ray.

Without the boundary, and using a vanishing theorem of Ekedahl,

there is also the following optimized version of the proposition 1.

Theorem 7. Let X be a smooth general type variety of relative dimen-

sion 2 over a DVR R with residue �eld k and fraction �eld K such that

k is algebraically closed of characteristic p > 2. Then

dimk H
0 (mKXk

) = dimk H
0 (mKXK

)

for m ≥ 2.

The following is another corollary of theorem 1, for pairs not of

general type. This is a result of the proof of theorem 1 not being

a�ected by adding an ample divisor H.

Corollary 8. Let (X,∆) be a klt log-smooth pair of relative dimension

2 over a DVR R with residue �eld k and fraction �eld K such that k is
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algebraically closed of characteristic p > 0. Then the numerical kodaira

dimension satisfy ν (KXK
+ ∆K) = ν (KXk

+ ∆k) .

By abundance for threefolds (c.f. [Wal]), this gives a log version of

[KU], where the invariance of kodaira dimension is proved for non-log

pairs.

Corollary 9. Let (X,∆) be a klt log-smooth pair of relative dimension

2 over a DVR R with residue �eld k and fraction �eld K such that

k is algebraically closed of characteristic p > 0. Then the log kodaira

dimension satisfy κ (KXK
+ ∆K) = κ (KXk

+ ∆k) .

A consequence of corollary 8, using the proof of ([Eg]), I've sketched a

proof of the following generalization of [Suh] to varieties not of general

type. I'm actually not sure if it holds since without the W2 lifting

assumption, there are actually counterexamples to this statement c.f.

[KU].

Theorem 10. Suppose that X is a smooth proper threefold with a map

to a over a perfect �eld of characteristic p > dim (X) with a smooth

morphism to a curve T . Assume that (X,∆) is a klt log-smooth pair

such that (X, p∆q) admits a lifting to W2, h
0 (m (KX0 + ∆0)) has a

smooth section, and m (KX + ∆) is integral. Then

h0 (m (KXt + ∆t))

is independent of t ∈ T .
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2. Lemmas

Lemma 11. ([KU], 9.4) Let ϕ : X → Spec (R) be an algebraic space,

proper, separated, and of �nite type over spec (R) ,where R is a DVR

with residue �eld k0 which is algebraically closed, and �eld of fractions

k1. Let X1 (resp. X0) denote the generic geometric (resp. closed)

�bre of ϕ. If X0 contains an exceptional curve of the �rst kind e,

there exists a DVR R̃ ⊃ R and a proper smooth morphism ϕ̃ : X̃ →

Spec
(
R̃
)
of algebraic spaces which is separated and of �nite type and a

proper surjective morphism π : X ⊗ R̃→ X̃1 over Spec
(
R̃
)
such that

on the closed �bre, π induces the contraction of the exceptional curve

e. Moreover, on the generic �bre, π also induces a contraction of an

exceptional curve of the �rst kind.

Lemma 12. ([KU], 9.3) In the situation of the above lemma, if D,D′

are divisors on X, then

K2
X0

= K2
X1

(KX0 ·D0)X0
= (KX1 ·D1)X1

(D0 ·D′0)X0
= (D1 ·D′1)X1

.

Lemma 13. ([KK94], 2.3.5 ) Let (S,B) be a log canonical surface

over an algebraically closed �eld of characteristic p > 0. If C ⊂ S is

a curve with C2 < 0 and C. (KS +B) < 0, then C ≈ P1 and it can be

contracted to a log-canonical point.

1This seems to be standard notation for deformations: X ⊗ R̃ := X ×Spec R R̃
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Lemma. ([Tan], 4.4) Let X be a projective normal surface and let ∆ be

an e�ective R-divisor such that KX + ∆ is R-cartier. Let ∆ =
∑
biBi

be the prime decomposition. Let H be an R-cartier ample R-divisor.

Then the following assertions hold:

(1) NE (X) = NE (X)KX+∆≥0 +
∑

R≥0 [Ci]

(2) NE (X) = NE (X)KX+∆+H≥0 +
∑

finiteR≥0 [Ci]

(3) Each Ci in (1) and (2) is rational or Ci = Bj for some Bj with

B2
j < 0.

Theorem 14. (Kawamata-Viehweg Vanishing , [Tan2] 2.11) Let (X,∆)

be a projective klt surface where ∆ is an e�ective R-divisor. Let N be

a nef R-cartier R-divisor with ν (X,N) ≥ 1. Let D be a Q-Cartier Z-

divisor such that D−(KX −∆) is nef and big. Then there exists a pos-

itive real number r (∆, D,N) such that H i (X,OX (D + rN +N ′)) = 0

for every i > 0, every positive real number r ≥ r (∆, D,N), and every

nef R-Cartier R-divisor N ′ such that rN +N ′ is a Cartier divisor.

Theorem 15. ( [Ek] II.1.6) Let X be a minimal surface of general

type and let L be an invertible sheaf that is numerically equivalent to

ω⊗iS for some i ≥ 1. Then H1 (X, 2L) = 0 except possibly for certain

surfaces in characteristic 2 with χ (OX) ≤ 1.

Theorem 16. (5.9, [DF]) Let X be a smooth surface in characteristic

p > 0, and let D be a big and nef Cartier divisor D on X. Then

H1 (X,OX (KX +mD)) = 0
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for all integers m > m0, where

m0 = 3
p−1

if X is quasi-elliptic with κ (X) = 1;

m0 = 2vol(X)+9
p−1

if X is of general type.

Applying the proof of (9.1.18[Laz]), the above has the following corol-

lary:

Corollary 17. Let (X,∆) be a smooth klt surface in characteristic

p > 0, and let D be a big and nef Cartier divisor D on X. Then there

exists a computable constant m > m0 such that

H1 (KX + ∆ +mD) = 0.

3. Proof of Proposition 1

3.1. Proposition 1 Proof. Assume the hypothesis of theorem 1.

Claim. After passing to an extension R′ of R, there is a proper, smooth

algebraic space Xmin/R′ and an R′ morphism X ⊗ R′ → Xmin such

that both Xk → Xmin
k is obtained by successive blow-downs of (−1)

curves and KXmin
k

+ ∆Xmin
k

is nef.

Proof. As Xk is algebraically closed of characteristic p > 0, then by the

Cone Theorem 2,

NE (X) = NE (X)KX+∆≥0 +
∑

R≥0 [Ci]

with each Ci is rational or Ci = Bj for some Bj a component of ∆

with B2
j < 0. Under the assumption that B (KX + ∆) ∧ ∆ = ∅, then

actually each Ci is rational and is not a component of ∆. By lemma
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13, Ci can be contracted to a log-canonical point (actually a smooth

point under the terminal assumption). Thus Ci is an exceptional curve

of the �rst kind, so it is possible to apply lemma 11.

By lemma 11, there is a DVR R̃ ⊃ R such that π : X ⊗ R̃ → X̃

induces the contraction of Ci on Xk and XK , and further ϕ̃ : X̃ →

Spec
(
R̃
)
is proper, smooth, separated, and �nite type. Now I need

to work with X̃. In order to apply the cone theorem again, I need

X̃k to be projective, but a smooth algebraic space of dimension 2,

proper, separated, and of �nite type over an algebraically closed �eld is

projective, so X̃k is projective. Thus the same process can be repeated.

Each extension R̃ ⊃ R induces a �at base change on the closed and

generic �bers, and blow-ups are preserved by �at base-change, so there

is no problem in extending R. As picard number drops each step, there

are only �nitely many steps. �

Claim 18. We also have KXmin
K

+ ∆Xmin
K

nef.

Proof. This is a slight modi�cation of [KU], lemma 9.6. By lemma 11, it

is impossible to reach a minimalXK before a minimalXk. Thus assume

that KXk
+ ∆k is nef but KXK

+ ∆K is not nef. Let X∗ denote the

minimal model forXK . Then letting KXK
+∆K = f ∗ (KX∗ + ∆X∗)+E,

then, as (XK ,∆K) is terminal, (KX∗ + ∆X∗)2 > (KXK
+ ∆K)2 .

For su�ciently large m such that m (KXk
+ ∆k) is Cartier, then

h0 (m (KXK
+ ∆K)) = h0 (m (KX∗ + ∆X∗)) .

SinceKX∗+∆X∗ is nef and big, then for somem� 0 withm (KX∗ + ∆X∗)

also Cartier, then the higher cohomologies H i (m (KX∗ + ∆X∗)), i > 0
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vanish by theorem 14. (The same thing happens onXk which is already

minimal.) Thus, by the Riemann-Roch formula for smooth surfaces

over an algebraically closed �eld we have:

h0 (m (KXK
+ ∆K)) =

1

2
m2 (KX∗ + ∆X∗)2 +O (m)

h0 (m (KXk
+ ∆k)) =

1

2
m2 (KXk

+ ∆Xk
)2 +O (m) .

So now there is a contradiction to semicontinuity in that, for some

m� 0,

h0 (m (KXK
+ ∆K)) > h0 (m (KXk

+ ∆k)) .

�

Now, by the above claim, there is a proper smooth algebraic space

Xmin such that Xmin
k and Xmin

K are obtained by blowing up −1 curves,

and are minimal, proper, and smooth. Hence, by the Kawamata Viehweg

vanishing (either theorem 14, or the usual version in characteristic 0,

depending on whether X has equal or mixed characteristic), there ex-

ists m0 � 0 such that for m > m0,

hi (m (KXK
+ ∆K)) = hi (m (KXk

+ ∆k)) = 0.

Now applying the Riemann-Roch formula and lemma 12 as in the

above claim, we see that for m > m0,

h0 (m (KXk
+ ∆k)) = h0 (m (KXK

+ ∆K)) .

3.2. Theorem 7 Proof.
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Proof. Running the minimal model program as in section 3.1, then

again, after passing to an extension R′of R, there is a proper, smooth

algebraic space Xmin/R′and an R′ morphism X⊗R′ → Xmin such that

both KXmin
K

and KXmin
k

are nef (Xmin/R may not itself be minimal,

but at least on both geometric �bers it is). Now applying Ekedahl's

vanishing theorem 15, we have that h1 (2KXk
) = h1 (2KXK

) = 0. By

duality, h2 (2KXk
) = h2 (2KXK

) = 0. Now by invariance of the Euler

characteristic, we are done. �

3.3. Corollary 3 Proof. Apply Theorem 16 for vanishing instead of

14 in the proof of proposition 1.

3.4. Corollary 2. Proof. This follows with almost the same proof as

([HMX2010], 1.6) except that proposition [MainTheorem] is used in

place of Kawamata Viehweg Vanishing (which doesn't necessarily hold

for threefolds in characteristic p>0 ). Recall that the log-canonical ring

is �nitely generated so Nσ (KXk
+ ∆k) . Let

Θk = ∆k −∆k ∧Nσ (KXk
+ ∆k)

and let 0 ≤ Θ ≤ ∆ be a Q-divisor on X/R such that Θ|Xk
= Θk.By

de�nition of Nσ,

dimk |m (KXk
+ ∆k)| = dimk |m (KXk

+ Θk)| ?

and furthermore, by proposition [MainTheorem], letting m\gg0 and

such that m (KXk
+ Θk) is integral, then

dimk |m (KXk
+ Θk)| = dimK |m (KXK

+ ΘK)| .
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As Θ ≤ ∆, the theorem follows.

3.5. Corollary 4.

Claim 19. Let (X,∆) be a klt pair of relative dimension 2 over a DVR

R with perfect residue �eld k of characteristic p > 5 and fraction �eld

K. Assume that m (KX + ∆) is integral and KX +∆ is big, log smooth

over R, and Q-Cartier. Assume (Xk,∆k) is klt. Then, there exists an

m0 such that for m ≥ m0,

dimk H
0 (m (KXK

+ ∆K)) = dimk H
0 (m (KXk

+ ∆k)) .

Proof. This follows with almost the same proof as ([HMX2010], 1.6)

except that proposition 1 is used in place of Kawamata Viehweg Van-

ishing (which doesn't necessarily hold for threefolds in characteristic

p > 0). By �nite generation of the log-canonical ring, Nσ (KXk
+ ∆k)

is a Q-divisor. Let

Θk = ∆k −∆k ∧Nσ (KXk
+ ∆k)

and let 0 ≤ Θ ≤ ∆ be a Q-divisor on X/R such that Θ|Xk
= Θk. By

de�nition of Nσ,

dimk |m (KXk
+ ∆k)| = dimk |m (KXk

+ Θk)| ?

Under the general type assumption

KX +
m

m− 1
∆ ∼Q A+B
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where A is ample and the support of X0 is not contained in B. Let

0 < δ � 1 be such that (X,∆ + δ (A+B)) is terminal. Now

m (KX + ∆)︸ ︷︷ ︸
D

− (m− 1− δ) (∆−Θ)︸ ︷︷ ︸
Ξ

∼Q

KX+

(
1− δ m

m− 1
+ δ

)
∆︸ ︷︷ ︸

Φ

+δ

(
KX +

m

m− 1
∆

)
+(m− 1− δ) (KX + Θ) ∼Q

KX + Φ + δ (A+B) + (m− 1− δ) (KX + Θ) ∼Q

KX + Φ + δB + (m− 1− δ) (KX + Θ +H)

where H = δ
m−1−δA.

As H is ample, KX + Θ + H satis�es the hypothesis required to

run a minimal model program simultaneously on both geometric �bers

as in the proof of proposition 1. Let f : X → Xmin be the map

to a proper smooth algebraic space Xmin such that Xmin
k and Xmin

K

are obtained by blowing up −1 curves, and are minimal, proper, and

smooth as in that proof. Then fK : XK → Xmin
K and fk : Xk → Xmin

k

give minimal models of both geometric �bers for (XK ,ΘK +HK) and

(Xk,Θk +Hk) . Let W resolve f in the following diagram such that p

also resolves (X,∆ + A+B) on both geometric �bers.

W
q
//

p

��

Xmin

X
f

<<

As f is a birational contraction

f∗ |m (KXK
+ ΘK)| ⊂ |mfK∗ (KXK

+ ΘK)| = |mq∗KfK∗ (KXK
+ ΘK)| ??
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Set G = (m− 1− δ) f∗ (KX + Θ +H) so that G is big and nef on

both geometric �bers and

(m− 1− δ) p∗ (KX + Θ +H) = q∗G+ F

where F ≥ 0 is exceptional for q.

Let Wk be the strict transform of Xk. Then (Xk,Φk + δBk) is klt (as

Φk < ∆k and 0 < δ � 0), and hence, since p > 5, strongly F-regular

by ([Hara98]). Thus ([Das], 3.7) implies that

KW +Wk = p∗ (KX +Xk + Φ + δB) + E

where pEq|Xk
≥ 0 is exceptional for p (in fact applying the adjunction

is easier in this case, since everything is log smooth). Thus if

L = pp∗ (D − Ξ) + E − Fq

, then

dimk |LK | ≤ dimk |DK | ? ? ? .

Note that

L−W0 ∼ KW + C + q∗G

with C the fractional part of −p∗ (D − Ξ) − E + F . Thus applying

theorem 17 to the euler characteristic argument used in the proof of

proposition 1, we can �nd a computable m0 such that for m > m0, we

have dimk |Lk| ≤ dimK |L|Wk
.
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By ?, ??, and ? ? ?, and semicontinuity, it remains to show that

dimk |mq∗f∗ (KXk
+ Θk)| ≤ dimk |Lk|

This follows again as in ([HMX2010], 1.6).

Ξ = (m− 1− δ) (∆−Θ) ≤ m (∆−Θ) =⇒

D − Ξ ≥ m (KX + Θ) =⇒

pL−mq∗f∗ (KX + Θ)q ≥ pp∗ (m (KX + Θ))+E−F−mq∗f∗ (KX + Θ)q.

H ample implies p∗H ≤ q∗f∗H, hence

(m− 1− δ) p∗ (KX + Θ +H)−(m− 1− δ) q∗f∗ (KX + Θ +H) = F =⇒

p∗ (m (KX + Θ))− q∗f∗ (m (KX + Θ)) ≥ F =⇒

pp∗ (m (KX + Θ)) + E − F −mq∗f∗ (KX + Θ)q ≥ 0 =⇒

pL−mq∗f∗ (KX + Θ)q ≥ 0 =⇒

L− xmq∗f∗ (KX + Θ)y ≥ 0.

Since m � 0 was chosen such that m (KX + Θ) is also integral, the

proposition follows. �

3.6. Corollary 6. This section was suggested by my advisor (hope-

fully I've gotten the details right). Assuming corollary 2, suppose

that there is a contraction of a curve on the closed �ber (Xk,∆k)

corresponding to a negative extremal ray Σk. Let H0 be such that

(KXk
+ ∆k +Hk) .Σk = 0. Let H be such that H|Xk

= Hk. The goal
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is to show that X1 = Proj (KX + ∆ +H/R) is �nitely generated so

that there exists a contraction de�ned by X1.

Since by assumption, there is a contraction on Xk, for m � 0,⊕
k≥0H

0 (ml (KXk
+ ∆k +Hk)) is generated in degree 1, so that there

is a surjection

SlH0 (m (KXk
+ ∆k +Hk))� H0 (ml (KXk

+ ∆k +Hk)) .

Consider the following diagram:

SlH0 (m (KX + ∆ +H) /R)
α
//

��

H0 (ml (KX + ∆ +H/R))

��

SlH0 (m (KXk
+ ∆k +Hk))

�
// H0 (ml (KXk

+ ∆k +Hk))

.

The vertical maps are surjective by corollary 2, and the bottom map

is surjective by generation in degree 1. By Nakayama's lemma, α is

surjective, and thus there is a contraction on R corresponding to Σ.

4. Theorem 10 Proof

This section is a work in progress. The idea of the proof is to use the

arguments of [Lev] which rely only on degeneration of the Hodge-to-de

Rham spectral sequence and not vanishing theorems. As this degener-

ation holds under certain conditions in characteristic p, and vanishing

theorems are known to not necessarily hold, then this approach may

be easier. Note that without the lifting assumption, there are actually

counterexamples to theorem 10 for elliptic surfaces (see [KU]). The
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following theorem of Deligne and Illusie is the key ingredient to the

proof:

Theorem 20. ([DI]) Let X be a proper smooth variety over a perfect

�eld k of characteristic p ≥ dim X lifting to the ring W2 (k) of the

second Witt vectors. Then the hodge to de Rham spectral sequence:

Eij
1 = Hj

(
X,Ωi

)
=⇒ H∗DR (X/k)

degenerates in E1.

Proposition 21. Suppose that X is a smooth proper variety over a

perfect �eld of characteristic p > k = dim (X). Assume that (X,∆) is

a klt pair such that (X, p∆q) admits a lifting toW2, h
0 (m (KX + ∆) /k)

has a smooth section, and m (KX + ∆) is integral. Then

h0 (m (KX + ∆) /K) = h0 (m (KX + ∆) /k) .

Proof. Let X0 denote the special �ber and Xn be a scheme �at over

k [t] / (tn+1) such thatXn×Spec k[t]/(tn+1)k ≈ X0. As in the characteristic

0 case (c.f. [Eg]), suppose s, a smooth section of h0 (m (KX + ∆) /k),

lifts to H0 (KXn + ∆n) let s denote the image of the lift on the central

�ber. As in [Eg], the obstruction to lifting s ∈ H0 (KX0 + ∆0) to an

element of H0 (Xn+1, Ln+1) can be written as

D (s) = m
∑
α

∂

∂zi,α
· ∂gij,α
∂t
· si

−
∑
α∈Ii

∂gij,α
∂t
· mqα
zi,α
· si
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+
∑
α

∂gij,α
∂t
· ∂si
∂zi,α

in H1 (Xn,OXn (m (KXn + ∆n))). This is de�ned through cech coho-

mology, and hence works in positive characteristic as well. Applying

the same calculation as in ([Eg], 4.3), D (s) = dµ where µ is a certain

element of H1
(
Yn,Ω

k−1
Yn/T

)
, where Yn is the m-fold cover f : Yn → Xn

branched over m (KX0 + p∆0q) , . Also, by ([XieIII], 3.6), Y0 lifts to

W2 under the assumption that (X0, p∆0q) lifts to W2. The Hodge to

de Rham spectral sequence on Y0 has E1 page

H0
(
Ωk
Y0

)
H1
(
Ωk
Y0

)

H0
(
Ωk−1
Y0

)
OO

H1
(
Ωk−1
Y0

)
OO

...
...

H0
(
Ω0
Y0

)
OO

H1
(
Ω0
Y0

)
OO

· · ·

and degenerates in E1, which means the map d : H1
(
Ωn−1
Y0

)
→ H1

(
Ωn
Y0

)
is the zero map. Applying the induction to the exact sequence:

0→ tΩk−1
Yn
→ Ωk−1

Yn
→ Ωk−1

Y0
→ 0

and using the isomorphism tΩk−1
Yn
≈ Ωk−1

Yn−1
via the multiplication map,

then the �ve lemma shows that d : H1
(
Ωk−1
Yn

)
→ H1

(
Ωk
Yn

)
is also the

zero map. Thus dµ = D (s) = 0.
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